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Introduction

Introduction

Breeding sub-regions (zones)
of maize in India

@ P sub-regions (zones), P =5 on map

@ J locations:
@ J; locations in sub-region (zone) i

@ J=h+h+---+Jp

@ L blocks in each location
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How many locations in which sub-region?

Kleinknecht et al. (2013), Crop Science
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Model Specification

Linear Mixed Model

Yiinki = pi+nn+Nj+Bintotjc+wni4-0iin ik +Tink + @ikt bijni € jjnki

pi - mean (fixed) effect of i-th sub-region

np - effect of h-th year, var(ny) = 02

Aj - effect of j-th location within i-th sub-region, var(\;) = o3
Bin - effect of i-th sub-region in h-th year, var(By) = O'é

wip - effect of genotype k in h-th year, var(wy,) = o2
8ijp, - effect of location j within sub-region i in h-th year, var(d;;) = o2
ik - effect of genotype k in location j within sub-region i, var(y) = o3
Tikh - effect of genotype k within sub-region i in h-th year, var(tis) = 02
dijnk - effect of genotype k in location j in h-th year, var(djn) = crj5

bijny - effect of block / in location j in h-th year, var(bj) = o2

eijnki - observational error, var(ejn) = o?

All random effects and observational errors are uncorrelated and have zero mean

June 25, 2026  Maryna Prus Optimal Allocation of Trials to Sub-Regions



Model Specification

Linear Mixed Model

Yijhkt = Ritna+Aij+Bint ikt whkt-0iin ikt Tink+Gijhk+ bijni+€ ijki

i - effect of genotype k in sub-region i

ai = (aik,...,ap) " - vector of genotypexsub-region effects of genotype k

T

a=(af,...,ar)" - vector of genotypexsub-reg. effects of all genotypes

Cov(a)=U,U=N®V

nii ni2 mk
) i ) ) i ) n21 n22 n2K

N - Kinship matrix with dimension K x K N =
No marker data — N =lx nK1 PKa .. ARk

nV = Cov(a), matrix with dimension P x P

567 254 239 485 328
. 254 155 118 240 162

Example (Kleinknecht et al., 2013): V=| 239 118 155 226 153
485 240 226 488 310

328 162 153 310 215
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Model Specification

Optimization Problem

Search for optimal numbers of locations Ji,...,Jp

under fixed total number of locations J

e for prediction of genotype effects
a1, ..., 0K
o for prediction of pairwise linear contrasts

0" = ay — oy, k#K
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Model Specification

Mean Squared Error (MSE) Matrix

Search for optimal numbers of locations J: to minimize

MSE matrix of BLUP &  of genotype effects

MSE matrix for BLUP & of genotype effects:
1

1 -1
Cov(é—a) = {CUK L) B M)+ R ul}

I\/I(&):diag(ij,..,,%), €:=(J,...,Jp)
2

ceo?+ 1 (024152) & R:ﬁnﬂr"—ﬂplT
il e cH cH TP
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Optimal Allocation of Trials

A-Criterion for Genotype Effects

A-criterion for prediction of genotype effects o
®y = tr (Cov(& — )

Pa(§) =tr [(IK ®@M(¢) +B)7! H}, M(¢) = diag (&, ..., %)

~ ~ -1 ~
B=[k@R+(Telp)0(Talp)| & H=B(Talp)0¥(Tel)B
T:IKf%lKll & U=J/cU & R=JR

K-Bayesian linear criterion (P., 2025, Stat. Neerl.)

—  For small number of genotypes computation by OptimalDesign package in R,
MISOCP (Harman & Filova, 2025)

—  For large number of genotypes computation by modified version of
algorithm proposed in Harman et al. (2015), Appl. Stoch. Models Bus. Ind.
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Example

P =5 sub-regions, H = 3 years
Variances and covariances (Kleinknecht et al., 2013, Crop Science):
02=31 & 02=18 & 02=160 & o)+ 70> =333

567 254 239 485 328
254 155 118 240 162
V= 239 118 155 226 153
485 240 226 4883 310
328 162 153 310 215

Kinship N: computed from two datasets with 80 and 698 genotypes

Covariance matrix of genotype effects: U=N®V
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Example

Optimal Designs for A-Criterion for Genotype Effects

Optimal and highly efficient numbers of locations per sub-region

K =280 K =698

J h o S Sl s [ MSE7n || o Sz do s [ MSET,
10 4 1 1 3 1 17007 2 2 2 2 2 | 1967370718
20 7 2 3 7 1 12757 4 4 4 4 4 | 1966922683
40 13 6 7 12 2 9935 8 8 8 8 8 | 1966696245
100 | 28 17 20 27 8 7513 20 20 20 20 20 | 1966559528

Is balanced design always optimal for large number of genotypes? — NO

Counterexample (P. et al., 2026).

Several families of genotypes with CS (compound symmetry) covariance
structure within family and no correlation between families
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Thank you for your attention!

UNIVERSITY OF
HOHENHEIM
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Linear Mixed Model

ikt = pitnnt+Nj+Bintaiktwak+0in ik +Tink +ijnk+ bijhi+€ jjnki

All random effects and observational errors are uncorrelated and have
zero mean
LMM here: Cross-classification - same locations each year

Often used: Nested model - locations nested within year
— particular case, without Aj; and ~;
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Counterexample: Block-diagonal N with CS Blocks

N:ﬂf®(bﬂ[m+b1m1;), b=o2r & b =02(1—r)

@ f - number of families (groups) of genotypes

@ m - number of genotypes per family, i.e. mf = K
@ o2 - variance related coefficient within one family
@ r - covariance related coefficient within one family

@ No covariance between families
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Counterexample: Block-diagonal N with CS Blocks

Optimal designs for block-diagonal kinship matrix N with CS blocks

for K = 900 genotypes and J = 40 locations

l r ‘ f ‘ m ‘ J1 J2 J3 J4 J5 ‘ MSETr
1/2 | 6 | 150 | 14 4 6 15 1 | 231627
15| 60 | 15 4 6 13 2 | 151125

60 | 15 | 14 5 6 13 2 | 118707

1/4 | 6 | 150 | 14 5 7 13 1 | 178343
15| 60 | 14 5 7 12 2 | 140899

60 | 15 [ 13 6 7 13 1 | 125245

Computation by OptimalDesign package, MISOCP

Optimal designs are not balanced for K = 900
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Optimal Designs under Additional Linear Constraints

Sets of additional linear constraints

C Ji>2, i=1,...,5 - minimum number of locations fixed

G J/A>Ji>2 i=1,...,5
- minimum and maximum numbers of locations fixed

G Ji>2, i=1,...,5 & 40J; +44J5 +50J3 + 654 + 60J5 < 50J
- minimum number of locations and maximum cost fixed

G J/3>J>1, i=1,...5 &

40J; + 44J; + 5043 + 554 + 60J5 < 50J
- minimum and maximum numbers of locations and maximum cost
fixed
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Optimal Designs under Additional Linear Constraints

Optimal and highly efficient designs for A-criterion for 80 genotypes
under additional constraint sets G — (4

| J A - s Jo J[MSErn[h - Ji Ju Js | MSEyp |
L G [ G |
207 2 3 6 2]1286 ] 5 3 5 5 2 [ 13278

40 |13 6 7 12 9935 || 10 8 9 10 10104
100 || 28 17 20 27 8 | 7513 |[25 19 22 25 9 | 7538
L G [ G |
209 2 2 5 2[13013[]6 3 4 6 1 [ 12904

40 |15 6 6 11 9972 || 13 6 7 12 2 | 9935
100 |33 17 19 24 7 | 7531 |29 16 19 28 8 | 7513

N
w

N

CL Ji>2 C J/a>Ji>2
C3 J;i>2 & 40J;+ 4445 45043 +65J5 +60J5 < 50
Cy J/3>J;>1 & 40J3 +44Jp 45003 +55J4 + 60Js < 50J
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